Abstract. The notion of quasi-simplicity of groups is introduced. It is proven that for a group of homeomorphisms G which is fixed point free and factorizable the commutator subgroup [G, G] is quasi-simple. Several examples of quasi-simple but non-simple homeomorphism groups are presented.
Introduction
In paper [8] Ling showed that for a factorizable and fixed point free group G the commutator subgroup [G, G] is the least subgroup of G, normalized by [G, G] , which acts without any fixed point. In this note we introduce the notion of a quasi-simple group. This notion enables us to give a new formulation of Ling's theorem and a completely new proof of it. In the last section we present various examples of quasi-simple homeomorphism and diffeomorphism groups which are non-simple.
Ling's theorem is a generalization of the following theorem of Epstein [4] :
Now let us recall some definitions. Let G be a group. For g,h € G the commutator of g and h is [g, h] := ghg^h - 1 .
If E, F are two arbitrary subsets of G then [E,F] is the subgroup of G generated by {[e, /] : e € E, f € F}. [G, G] is called the commutator subgroup of G and it is a normal subgroup of G. The normalizer of a subgroup H C G is MG{H) := {g € G : g~lHg = H}. The normalizer is the largest subgroup of G that contains H as a normal subgroup. Furthermore, recall that a group G is called perfect if G = [G,G\. Next, G is simple if it has no nontrivial normal subgroups. Thus, as a consequence of Theorem 1.1, we get that any perfect group of homeomorphisms satisfying Axioms (l)- (3) is simple.
Observe that Ling gave in [8] another generalization of Epstein's theorem. Namely, if X is a paracompact space and G is a factorizable group of homeomorphisms of X without fixed points then
G is a subgroup of the symmetric group of*. Note that G is fixed point free iff for any orbit O there is g € G such that g\o # ido-DEFINITION 1.3. A fixed point free group G is said to be quasi-simple iff there is no nontrivial, fixed point free normal subgroup of G.
Recall that G is transitive if Vx, y € X, 3g € G : g(x) = y. This follows from the fact that O = X is the unique orbit of a transitive quasi-simple group.
Notice that a group of homeomorphisms on a topological space which is nontransitive (i.e. which does not satisfy Definition 1.2) is usually nonsimple.
Let X be a paracompact and connected space and let G be a fixed point free group of homeomorphisms of X. We are going to prove that if X is a paracompact space and a fixed point free group G satisfies the factorizability condition (Definition 1.5), 
The proof of Theorem 1.6
First we will present some propositions and lemmas. Let X be a paracompact space and let G be a group of homeomorphisms of X.
We begin with the following easily proven lemmas. In the sequel, we assume that G, H and X fulfill the assumptions of Theorem 1.6, i.e. X is paracompact, G satisfies the factorizability condition and H is a fixed point free subgroup of G such that [ 
G, G] C MG{H).
Obviously we may assume that G ^ {id}.
PROPOSITION 2.3. For any x G X there isV, an open neighborhood of x, such that for any V C X with x G V C V C V there are open subsets U and W and a function h € [G, G] such that x £ U CU C V,W CV, U C\W = Q) and h(W) = U.
Proof. Let x G X. Since H is fixed point free we can choose ho € H such that x / ho(x). Now choose V with V fl ho(V) = 0 and diminish it if necessary such that Lemma 2.2 and Definition 1. From the factorizability there are hi,. (ii) Let U\ be a covering of X consisting of sets for which (i) holds.
Let x £ X and y £ O(x).
We choose the minimal n such that n satisfies the condition that there exist gi,...,gn G G, U\,...,Un £ U\ with supp(pi) C Ui and y = gn..
.g\(x).
By (i) we obtain hi £ H with hi\{Ji ~ 9i\Ui• Since n is minimal we have .. £ [/¡, 1 < i ^ n. In other case we could omit gi and this would contradict the minimality of n. Proof of Claim 1. It is obvious that if G has a fixed point free subgroup then G is also fixed point free. So, since H is fixed point free we have that for any x G X there is g G G such that g ( The proof of Proposition 2.5 is complete.
• Proof of Theorem 1.6. Let U2 be a covering of X consisting of sets for which Proposition 2.5 holds. Since X is paracompact there exists a covering V C U2 of X such that:
In view of the factorizability, the set G generates G. Let hi, /12 G G and choose Vi, V 2 G V with supp(^) C Vi. If Vi n V 2 = 0 then [hi, fa] = id G ii. 
To do this, choose Wi G V with supp(/ij) C Wi for ¿ = 1,2. We can assume W1nW2^ Let H(M,A,E) be the compactly supported identity component of all hamiltonian diffeomorphisms of class C°° of (M, A, E). It is not known whether H(M, A, E) is perfect, even in the case of regular Poisson manifold. However, by Theorem 1.6 the commutator group [H(M, A, E), H(M, A, E)} is quasi-simple. We do not know whether H(M, A, E) is quasi-simple. In the transitive cases, i.e. in the cases of symplectic and contact manifolds, the compactly supported identity components of all hamiltonian symplectomorphism group and the contactomorphism group are simple.
